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D Y N A M I C S  IN P O R O U S  M E D I A  F O R  C O N S I D E R A B L Y  

D I F F E R I N G  M A S S - T R A N S F E R  C O E F F I C I E N T S  
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Solutions of the equations of  mult icomponent  nonisothermal  sorpt ion dynamics a re  analyzed. It 
i s  shown that  inve r s ion  occu r s  when the m a s s - t r a n s f e r  coefficient  of  the weakly sorbed com-  
ponent is  v e r y  low. 

Noniso thermal  mult icomponent  sorpt ion dynamics  in porous  media  is  d e s c ~ b e d  by a sys tem consist ing 
of ma te r i a l -ba l ance  equations for  each component of the mix ture ,  t h e rm a l  sorpt ion equations [Eq. (1}], model 
k inet ic  equations for  each mix tu re  component [Eq. (2)], hea t -ba lance  equations,  model  kinet ic  equations of 
heat t r a n s f e r  [Eq. (3)], and ini t ial  and boundary conditions [Eq. (4)]: 

O q r ~  Oc'~ = 0 ,  r e = l , 2 ,  . n, q,~=f,~(cl �9 c/, ~r), (1) 
~'~ Ot 0--[ . . . . . . . .  

am ~ ='O-m (xrn) rim (Q . . . . .  c,~, T) - -  qrnl, Xnz = qm/fm (Q . . . . .  C,. ~1"), (2) 

.o. m (x,~) =!g,~ (xm){~o,~ + v. ~ + v~ Io),~ (xm)l-!}:l, 

___ ~ Oq,,~ O__TT = m, (T - -  7") - -  moT, OT = m, (T - -  ~') + . ~ .  Qm 7 ~  . OZ C][; ' " 
rn=l 

cm (z, o)--_ bin, T (z, O )=  {" (z, O)= T (O, t ) =  O, 

(3) 

(4) 

c~ (o, 0 = ,~,~ (0, q,,,(o, t ) =  F~ (t), ~ (0, t) = H(t). 

F~ ( t )  and H ( t )  must  be de te rmined  f rom the equations To ensure  continuity of  the solutions,  the functions 

dF~ ~ ( x  o) t:,~ (F,, F~, H) ~ . . . .  - -  F ~ I ,  

F~ (0) = f~ (bl . . . . .  b , ,  0), (5) 

- - _  rn3/-/ + ~ Q,~ dTF~ H (0)--O, x o = F~ (F a . . . . .  F~, H). dH 

The method of determining 00m was given in [1, 2], toge ther  with analytical  express ions  for  ~O0m for  
sorpt ion and 00~ for  desorption.  The model  kinet ic  equations given in Eq. (2) a re  valid for  porous  media  
consist ing of porous  grains ,  the effect ive po re  s ize  of which is  comparable  with the molecu la r  dimensions of 
the mix tu re  being sorbed. If the effect ive po re  s ize  is  significantly l a r g e r  than the molecu la r  dimensions of 
the mix tu re  being sorbed,  it i s  n e c e s s a r y  to use the kinetic equations given as Eq. (1.1) in [2]. In o r d e r  to in-  
t eg ra t e  Eqs. (1}-(5} for  a r b i t r a r y  init ial  and boundary conditions and a r b i t r a r y  fo rm of  the function fro, i t  is 
n e c e s s a r y  to use a d i f ference  scheme [3]. An impl ic i t  monotonic i t e ra t ive  conserva t ive  dif ference scheme of 
accuracy  O(h z + ~) for  Eqs. (1}-(3) takes  the fo rm 
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The advantage of Eq. (6) i s  that  continuous calcula t ions  for  it converge  to a c lass  of discontinuous coefficients.  
Using the scheme  in Eq. (6), which is  l i nea r i zed  for  e r r o r ,  and es t imat ing  the  norm of the  cor responding  
m a t r i c e s ,  we can find n e c e s s a r y  and sufficient conditions for  the convergence  of the i t e r a t ive  p r o c e s s ,  which 
will  be  sa t i s f i ed  i f  

n 

m ~ l  s ~ l  

0 , 0 0 , 

p ~ I  s ~ l  .v~l  

n 

~h  J H,,F~ -F ~ (7,F~ H,I%) 1 4-. 1;2 m~h HmF~ ,. 
s= l  

. (7)  
r~ = 9..,,, 0.% ( : _  q,.) x, , / f~,  Hm = 0 : U 0 r ,  

Ox m 

' ' " - ~  ' . o . + Q. , ( , ,  hF~H~;I  + il "v,..~{.m,+,2 Q, ,HmFm/em--  m,l + 2 f : H m v i  Q,:/a m -~ ~., -7" ~:... a 

Fm=.Qm Of 2.,, (f, .  - -  q,,),Ifm , x=min{ 'q ,  "rm}, Hmp=Ofm:Oc  v. 
Ox m 

When Eq. (7) is sat isf ied,  the n e c e s s a r y  and sufficient condition for  the absolute  s tabi l i ty  and convergence  of 
the d i f fe rence  scheme  in Eq. (6) is  fulfilled. The  coeff icients  in Eqs. (1)-(4) differ :  for  sorpt ion,  fm - -  fro, 
Wm --" r and Tm ~ Tin; for  desorption~ fm ~ f~ Wm ~ worn, and Tm -~ Ym" In o r d e r  to de te rmine  the 
conditions for  which soEotion o r  desorpt ion occu r s ,  it i s  n e c e s s a r y  to use  the inequal i t ies  

s Wrn,O ' ~ 'ffm,O ) -~.o (8) 
# s )  i + l  - ~  ~(s) i + 1  ~:(s) ] §  .. ._ ~(s) i + I  
tm/ i~ ,  l,.2 ~ ~4m,i-rl /2 ) ]m , i~ -L '2  - . ~  q r n , i + I / 2  �9 ( 9 )  

When the f i r s t  inequal i ty  in Eq. (8) i s  sa t is f ied,  fm - )  fm in Eq. (9); when the second is  sat isf ied,  fm ~ fore 
in Eq. (9). When the f i r s t  inequali ty in Eq. (9) i s  sat isf ied,  sorpt ion occurs ,  and when the second inequali ty 
is  sat isf ied,  desorp t ion  occurs .  When the f i r s t  inequali ty of  Eq. (10) i s  sa t is f ied,  heating of the porous  med ium 
occurs ,  and in Eq. (3) it  i s  n e c e s s a r y  to make  the subst i tut ions mi ~ ml ,  m3 -~ m3: 

. ~  :+~ .~)  :-! ~(~ :+ , / .  ~.c~):-'~ (10) 

When the second inequal i ty  of  Eq. (10) is  sa t is f ied,  the  po rous  med ium is  cooled by a g a s - l i q u i d  flow, and in 
Eq. (3) it  i s  n e c e s s a r y  to make  the subst i tut ions ml ~ m~, ms ~ m ~ For  n u m e r i c a l  integrat ion,  Eqs. (9) and 
(10) mus t  be  ve r i f i ed  at each gr id  point i. As an example ,  us ing the d i f ference  scheme in Eq. (6) for  the 
L a n g m u i r  t h e r m a l  functions 

Sm=exp [--Q,mT/(1 +T)],  %~= f/L +2"+msm] ', (1.  
rn=.[ 
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Fig. 1. Frontal  i so the rma l  dynamic curves  fo r  th ree -componen t  
mix ture :  0) t = 0 ;  1) 5; 2) 10; 3) 20; 4) 40; 5) 60; 6) 80; 7) 
100. The points show invar iant  solutions of Eq. (20). 

f rontal  dynamic curves  we re  calculated on a BESM-6 computer  fo r  a th ree -componen t  mix tu re  with the fol-  
lowing p a r a m e t e r s :  

g21 = ~22 = 1, ~3 = 0,1, Q1 = o.1, Q2 = 0,2, Q3 = 0.3, tn 1 = 1, 

m2 = 0., m3 = 0 . 2 ,  ~z 1 = 2 , 5 ,  c z ~  1 . 5 ,  cz 3 = 1, n = 3 ,  p l  = 4 ,  

p~ = 2, P3 = 1, q,,~ = 5, b , ~ 0 ,  F,n(t) = 1. 

The  r e su l t s  of the in tegra t ion  a re  shown in Fig�9 l a ,  b. F ro m  an analysis  of the nonisothermal  frontal  dynamic 
curves ,  i t  i s  evident that  in porous  media  four  s ta t ionary concentra t ion and t e m p e r a t u r e  fronts  a re  fo rmed  

=:" = " = .  = "  = . = ' ' =  .= j - ' _ -  =,= .= 2 ." ==." 

no invers ion.  If one weakly sorbed  mix tu re  component has a m a s s - t r a n s f e r  coefficient  significantly lower 
than the o the rs ,  i nve r s ion  occu r s  (at f i r s t ,  the  s t rongly sorbed component propagates  m o r e  rapidly along the 
porous  medium and then, a f te r  a ce r ta in  lapse of t ime,  it  "over takes"  the weakly sorbed component). In the 
example shown in Fig. 1, for  0 _ t -< t ,  = 7.5, the second component p ropaga tes  m o r e  rapidly along the 
porous  medium at high t e m p e r a t u r e s  and, fo r  t > t . ,  i t  over takes  the weakly sorbed th i rd  component. The 
value of t ,  i n c r e a s e s  as the d i f ference  between the  coefficients  of the second and th i rd  mix tu re  components 
i nc reases .  Equations (1)-(3) p e r m i t  the exis tence  of invariant  solutions of t rave l ing-wave  type (s ta t ionary 
fronts) [4] for  mz = 0. In the t rave l ing-wave  mode,  as ml,  m3 --" ~o, this  sys tem can be  wri t ten,  a f te r  r e a r -  

rangement ,  in the fo rm 

dcm -- Qm ( x* ) [q~) - -  fm (cx, "- . ,  c,~, Gp (c)) + (c m -  c~ )) (a,.Wp) -11 = Qm (x*) R~ ) (c), (12) 
dy 

q,,, = q~P) + (c,. - -  c~ l )  ( a ~ W p ) - L  y = z - -  Wpt ,  (13) 
x'*., = q,,, (c,.,,)/f., (c, Gp (c)), 

Wp = .(c(~+'),,, ~ c(Pi~m �9 ,.',~[t#P+l) - -  q~ cz,n]-l' T(P+x) = Gp (cO'+x)), (14) 

T =  T (p) Jr ~ Qm (cm ~ c~)) [tz~ (Wp-- a)] - t =  Gp (c), a = m3/ml, (15) 
r a i l  . 

R~ ~ (c (p)) = R ~  ~ (c " + n )  = 0, (16) 

where  q(P), (p) T (p), q(m p+I),  C(m p+I)  T(P + 1) a re  values  of the equi l ibr ium concentrat ion and t e m p e r a t u r e  
C m , 

at the left  and right ,  respec t ive ly ,  along the porous  medium for  a t rave l ing  p-wave;  Wp is  the veloci ty of 
propagat ion of the t rave l ing  p-wave.  If, assuming Eq. (16) and an a r b i t r a r y  fo rm of the function .fro, the solu- 
t ions Can(y) of Eq. (12) a r e  to be  monotonic,  the functions RP(c)  should not change sign for  c ~  ~ ~ Cm-< 

Cm p+I)  Multiplying Eq. (12) success ive ly  by c m - c ~  ~ and c m - c ~  +1) and rear ranging ,  we obtain 

f ~ ( q  . . . . .  c. ,  G ~ ( c ) ) - - q ~  ) 1 f ,n (q  . . . . .  c,,, G ~ ( c ) ) - - q ~  +'~ (17) 
" - -  >~ - - c ~ + "  - -  C(P) "~" ~ m ~ 7  p C m 

~ m  rn  

F o r  C(m p+ 1) < c(p) the sign of  the inequal i t ies  mus t  be reversed �9  To de te rmine  the monotonic concent ra -  
m '  
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Fig. 2. The rma l  functions: 1) ~lql (el, c~ ), c(~ ), 0); 2) c~zq 2 
~(1) ~(1) q~Cth (c(, ~ c2, c~ ), 0); 3) ~3q3 ( @ ,  ~~ 0); 4) ~q~  (cl, -2 , ~ , ~  , ;  

(1) TU)) 6) c~3q3 (c~ 1), c~ 1), T(1)); 7) c~2q 2 (c~), 5) ~2q2 (c~ l~' c2, c~ , ; c3, 
c2, 0, T(2)); 8) c~3q ~ (0, c2 e), c3, T~))I 9) ez3q 3 (0, 0, c~, T(3)). 

t ion distr ibution in the wave t ravel ing with veloci ty  Wp, we divide the system in Eq. (12) by i ts  s- th  equation, 
to obtain 

dcmtdc~ = ~ (x* ) Rs ") (c) [~q~ (x*) R~ p~ (c)VL m ~ s. (lS) 

Integrating the sys tem of ord inary  equations by Runge's  method, and ver i fy ing at each success ive  step of the 
integrat ion the n e c e s s a r y  and sufficient conditions - Eqs. (23) and (17), r e spec t ive ly  - for  the exis tence of 
invar iant  solutions of t rave l ing-wave  type,  we find Cm = Pm(cs ) .  We substi tute the solutions Pm (es)  ob- 
tained into the r ight-hand side of the s - th  equation of the sys tem in Eq. (12) : 

dcJdy = ~. (G) R~ p) (P~ (c.) . . . .  , c . . . . . .  Pa (c.), av (c.))= Fs* (Q). (19) 
~(p+l)~ 

Hence, we find the solutions of the system in Eq. (12) in the form (a = c (p) b = ~s , S ' 

b 

Q = (Ds(y --Yo), cm = Prn( dD, (Y--Yo)),  Yo = ~ (D'~ ~ (c,) de, .  (D7 ~ = S [Fs* (G)]-~dG. (20) 
a 

If the kinet ic  ra te  of heat and mass  t r a n s f e r  ~ m  is large ,  and mi, m~ --" = ,  then Eqs. (1)-(3) are  t r ans fo rmed  
to give 

Or,,, ~B , , . ( v )  ~v,. =0,  v~= (q~) ,  
" ~ - - T -  ' - oz (~1) 

where  Bim is  a ma t r i x  with e lements  

hi,, Oq h O~t ~ Q,,Oep,, , b(~_~)(~+u = a + �9 

Only t h r e e  types  of invariant  solution of Eq. (21) can exist :  constant solutions qm, T = const; discontinuous 
solutions of  t rave l ing-wave  type [the monotonic solutions of t rave l ing-wave  form in Eq. (20) t r an s fo rm  to 
discontinuous solutions when ~ m  -~ ~o]; and se l f -model ing invariant  solutions of spreading-wave type, which 
a re  found by solving the sys tem 

dvra = 0 ,  y = zlt. [y6~m -- B|~ (v)l - dy (22) 

The n e c e s s a r y  conditions for  the exis tence  of n + 1 invariant  solutions of t rave l ing-wave  o r  spreading-wave 
type is  the exis tence  of  n + 1 different  roots  ),i of  the m a t r i x  Bim , where  

0 < ~ < ~ < ... < ~. < ~+~. (23) 
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If  qm, T ~'-const, solutions of  Eq. (22) a re  found f rom the sys tem 

y = s = Lp(q, T), (24) 
n 

dv~/dy = br~')(V), b =X (O~'p/Oqm) r ~  -5 (Ok,~or) r(~_, , (25) 

r (  Pm " . . . . .  where  (v) is  the right e igenvec tor  of m a t r i x  Bim cor responding  to the eigenvalue hp. For  monotonic de- 
c r e a s e  ( increase) ,  the solutions of Eq. (25) should sa t is fy  the condition 

br~, p) (v) < 0 (br~) (v) > 0), (26) 

We divide the sys tem in Eq. (25) by i t s  (n + 1)- th  equation, to obtain 

dq~,/dT = r~) (v)/r(,~_ 1 (v), m ~ n. (27) 

Integrat ing the sys tem of o rd ina ry  equations and ver i fy ing at each in tegrat ion step that Eqs. (23) and (26) are  
sat isf ied,  we find qm = G ~ ( T ) .  We substi tute the solutions obtained into Eq. (24) and find the se l f -model ing 
solutions 

T =  Wp (y), qm = G~* (~ ,  (y)), W~-' (T) = tp (G* (T) . . . . .  G,* (T), T). (28) 

Each invar iant  solution i s  de te rmined  by one unknown p a r a m e t e r .  It i s  convenient to take --q~p+l) and T(P +1) 

as the unknown p a r a m e t e r s ;  for  the t r ave l ing-wave  and spreading-wave modes ,  these  para rSe te r s  a re  de te r -  
mined by the  method  of  success ive  approximation in such a way as to sat isfy Eq. (4). For  applications, it is  
of in te res t  to analyze the equations of motion of  the  mix tu re  [Eqs. (1)-(3)] for  the Langmuir  functions in Eq. 
(11). Taking into account the substi tutions Qmqm ~ qm, Qmcm ~ Cm, we wr i t e  fo r  Eq. (21) the c h a r a c t e r -  
i s t ic  equation f rom which we find the eigenvalue h of  the m a t r i x  Bim: 

a--~,  = H(k, q) = 2  (,~--a + ~,n) q~,* [(~,* - -  ;~) V] -~, (29) 
m = l  

V= 1 - - ~  qra, bm= - -  VO (ln s,~)/OT > O, ~.* = (%npr~s,~V)-L 
tn=l 

We shall show that  for  

0 < a < Z *  (l + b~) (30) 

t h e r e  a re  n + 1 roots  Xp of Eq. (29). We assume that  k ; (1  * b i)  < a< h*§ + b i + l ) .  Since the function 

H(h,  q) has a pole at the point h~n(1 - m <- n) ,  d ec r ea se s  monotonical ly fo r  h --< h.~, and r i s e s  monotonical ly 
fo r  h >_ h~+l, Eq. (29) has i roots  in the region 0 -< h -< hi* and n - i - 1 roots  in the region X _> h~§ The 
function 0 H / 0 h  i n c r e a s e s  monotonical ly in  the region ki*-< h <- hi*+1 and has one zero ,  and so the function 
H( k, q) has one min imum in this  region. The sufficient condition for  H(~, q) to have two different roots  hi < 

0 k i in this  region is 

H (Ll/2, q) < 1/2 [H (~.i, q) + H (L ~ , q)] ---- a -- kl/2, kl/.~ = 1/2 (k, + k0 ). (31) 

Taking Eq. (29) into account, we t r a n s f o r m  Eq. (31) to the obvious inequality 
n - -  

qpX* [(L* (I § bp) - -  al (~)2  - -  ~/~) IV (Z* - Xl/2) ( ; J  - -  ;,~) (L~ - -  ~0 )l-~ < 0. (32)  
p - - I  

From the foregoing it  follows that ,  when Eq. (30) is  sat isfied,  the Langmuir  t he rma l  function p e rm i t s  the 
exis tence  of n + i invar iant  solutions in the porous  medium. If a > k~(1 + bn) ,  the the rma l -wave  veloci ty a 
is  l a r g e r  than the concentra t ion-wave velocity,  and the heat l ibera ted  (absorbed) is  rapidly ca r r i ed  away along 
the porous  medium. In this  case ,  the sorpt ion dynamics may be assumed to be i so thermal .  If a > hn(1 + bn) , 
the function H( h, q) is  monotonical ly decreas ing,  and Eq. (29) p e r m i t s  the exis tence  of n roots.  The right 

naP) (P) . ~, (P) , (P) , [ , rn+l]  and left  t ~ m ,  ~n+l] e igenvectors  of ma t r ix  Bim are  

rn+l  ~-  1, r~P'= (a/~,p-- 1 --b,~) q , ~  (~,* - -  ~,p)-*, (0) 
n 

- -  bmqr~m [(Zg - -  Zp)V]-L &~ - qmZ*~ z *  t ~ '  = (1 - a lZp)  -~ ~ * * _ [( ~ Lp) VI-L ~+, 
+1 

Given the unknown p a r a m e t e r  T ~l) [the o the r  p a r a m e t e r s  a r e  known, s ince c(.. p ) = 0] and using an i te ra t ive  
graphica l -ana ly t ic  method based  on l inea r  concentra t ion and t e m p e r a t u r e  dependences - Eqs. (13) and (15), 
respectivelY - we can de te rmine  the equi l ibr ium values  of concentra t ion and t em p e ra tu r e  in the t r a v e l i n g -  
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wave mode for  a m i x t u r e  of  any num ber  of components ,  without ca r ry ing  out numer i ca l  calculat ions on a 
computer .  The calculat ion sequence for  the i t e r a t ive  method in the case  of a t h r ee -componen t  mix tu re  with 
the p a r a m e t e r s  of the above example  i s  shown in Fig. 2. The  i te ra t ion  is t e r m i n a t e d  when the di f ference be -  
tween succes s ive  i t e ra t ions  is  l e s s  than the given accuracy  of the calculation. 

NOTATION 

Cm, concentration of m-th mixture component in gas-liquid flow; qm, concentration of m-th compon- 
ent absorbed by the medium; ~Om, function describing the filling of the porous grain; gin, function taking into 
account dependence of diffusion coefficient inside porous grain; TOm, relative critical coefficient taking into 
account mass transfer on external boundary Of porous grain; 7m, relative critical coefficient taking into ac- 
count mass transfer inside porous grain; t~0m , relative coefficient taking into account mass transfer due to 
longitudinal effective mixing; mi, ms, relative coefficients of heat transfer between gas flow and porous 
grains; m2, relative coefficient of heat transfer with external surface of channel composed of porous grains; 

Qm, relative thermal effect of sorption (desorption}. 

1. 

2. 
3. 
4. 
5. 
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S T E A D Y _ S T A T E  T E M P E R A T U R E  F I E L D  O F  A 

W A L L  W I T H  C Y L I N D R I C A L  C O O L I N G  C H A N N E L S  

V. F.  K r a v c h e n k o ,  A. V. T o k a r e n k o ,  
a n d  E .  L .  P r o k o f ' e v a  

UDC 536.24 

The  B u b n o v - G a l e r k i n  method is  combined with the s t ruc tu ra l  method worked  out by Rvachev to 
solve the p r o b l e m  of the s t e ady - s t a t e  t e m p e r a t u r e  field of a wall  with cyl indr ica l  cooling chan- 
nels  in a two- row a r r angemen t .  

We cons ide r  a flat wall  ( - b  _< y _< b, - ~  < x, z < ~) ,  in which t he r e  a r e  cyl indr ical  cooling channels of 
radius  r ,  a r r ange d  as in Fig. l a .  The wall  m a t e r i a l  has a constant t he rma l  conductivity k. At the su r faces  
y = • the wall  i s  hea ted  by the surrounding gas  which is  at t e m p e r a t u r e  T1; the h e a t - t r a n s f e r  coefficient is  
a l .  This  heat i s  t r a n s f e r r e d  to the m a s s i v e  wall  of  the  cooling liquid with t e m p e r a t u r e  T2; the h e a t - t r a n s f e r  
coefficient  of the su r face  of a channel containing liquid i s  a2. We a re  to de t e rmine  the  s t eady - s t a t e  t e m p e r a -  
t u r e  f ield of  the wall.  To do this ,  we combine the B u b n o v - G a l e r k i n  method with the s t ruc tu ra l  method worked 
out by Rvachev [1-3]. 

Making use  of  the s y m m e t r y  of this  unknown t e m p e r a t u r e  field, we can reduce  the p r o b l e m  to that of  
solving the Laplace  equation in region [2 (Fig. l a ) :  

[ a ~0 a2o '~ 
A O : - - A O : - - ~  ax~ +-~x~ ] :~  x=(x,, x=)E~ (1) 

with the boundary  conditions 

T r a n s l a t e d  f rom Inzhenerno-F iz i chesk i i  Zhurnal ,  Vol. 30, No. 2, pp. 355-359, February ,  1976. Original  
a r t i c l e  submi t ted  J anua ry  8, 1974. 
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